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The anharmonic oscillator is solved quickly, easily, and elegantly by Adomian’s 
methods for solution of nonlinear stochastic differential equations emphasizing its 
applicability to nonlinear deterministic equations as well as stochastic equations. 
No difftculty is encountered in treating the case of the forced anharmonic oscillator 
or the stochastic case or of any nonlinear oscillating system such as the Duffmg or 
Van der Pol oscillators, for example, with coefftcients, as well as forcing functions. 
which are stochastic processes. since statistical separability is inherent in the 
Adomian method. 
Previous investigations of fluctuations of dynamical variables for 
nonlinear oscillating systems have been limited to approximation methods 
generally involving a linearization replacing the actual nonlinear system with 
a so-called “equivalent” linear system and in the case of stochasticity, with 
averagings which are generally nonvalid and assumption of nonphysical 
white noise processes for reasons of mathematical tractability. The anhar- 
manic oscillator, the Duffrng oscillator, the Van der Pol oscillator, and others 
are easily dealt with by the methods developed by the first author and his 
students [ l-31. We have emphasized the anharmonic oscillator for the deter- 
ministic case to stress the point that the methods developed for nonlinear 
stochastic systems are valid in the linear or deterministic limiting cases as 
well and can be compared with known results there. 
The Duffing oscillator in a random force field modeled by y” + ay’ + jI?r + 
y$ = x(t) can similarly be analyzed without limiting the force x(t) to a white 
noise and allowing a, p, or y to be stochastic as well. Since we have a 
stochastic equation with linear terms other than the polynomial nonlinearity. 
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the application is already included in Adomian’s early work in the nonlinear 
case [ 11. Still another application is the Van der Pol oscillator modeled by 
y” + @*y’ - &I’ + y = x(t) since product type nonlinearities have been dealt 
with [3]. 
Methods developed by the first author and his co-workers solve nonlinear 
stochastic differential equations [ 1, 21 of the form Yy + any = x(t), where x 
may be a stochastic process. Term ,,4’j, is nonlinear, possibly involving 
stochastic coefficients of differential terms and Y is a linear stochastic 
differential operator of order n decomposable into deterministic and random 
parts L + 9. Operator L may be taken as (9)) but need not be. Instead, 
one may choose L to get the simplest Green’s function. When we have no 
randomness, we can let 9 represent the additional deterministic part so L 
may be taken as the highest ordered term alone.) Determining L - ’ we can 
write y = L ‘x - L ~ ‘59~ - L -‘, 4 j. The method basically assumes the 
solution can be written y =.F- ‘x and assumes a decomposition for the 
solution into components y, + y, + . +. with y, = L ‘x if initial conditions 
are zero. Solution of the homogeneous equation Ly = 0 must be added to 
L - ‘x otherwise. 
ANALYSIS 
The anharmonic oscillator is described by 
d*e/dt* + k* sin 0 = 0 (1) 
with k* = (g/Z) for large amplitude motion. Let L = d*/dt* and N(B) = 
k2 sin 6’ and write 
Le + N(e) = 0, (2) 
a nonlinear deterministic homogeneous differential equation. Assume initial 
conditions e(0) = y = const and e’(0) = 0. We can do it as well for y = 0 and 
w # 0, or y # 0 and w # 0. A following paper (Linear and nonlinear super- 
position in stochastic operator equations) will include the general case. 
Equation (2) is in the form Ly + N(y) =x considered by Adomian as a 
special case of nonlinear stochastic (differential) operator equations with no 
stochastic terms present. Thus, Ly = x - Ny or y = L ‘x - L -‘NY, for 
which we assume the Adomian decomposition C,, y, with y0 = L ‘x plus the 
homogeneous solution. Operating on the integral equation for y with L-IL, 
it is easy to see that if we choose L = dN/dtN, and treat the remaining part of 
the operator as 9, the initial term is y, = L - ‘x + Cz:i (P/n!) y’“‘(O), and, 
of course, we have an additional term -L ‘9y in our integral equation. 
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Since x = 0 and 8’(O) = 0, we write immediately 6 = 6(O) - L ‘N(B). The 
N(0) term becomes CA,, where the A,, are obtainable by implicit differen 
tiations. For N(0) = sin 8, the A, have been given as 
A,, = sin I!?(,, 
A, = B, cos Q,,, 
A 2 = - (@/2) sin 8, + 0, cos 19,). (3) 
A 1 = -(@/6) cos 8, - 8,02 sin 6, + 19~ cos H,, 
We have. therefore, the result O=y-L ‘IA,,tA,+... ]=d,,tfi, +~ 
8, + ... . where 
8, = Y, 0, =-L-IA,,, O2 = -L ‘A / ,.... (4) 
Since we know L ’ = i‘b dt Ji, dt, 
8, = - 1’ dt 1. dt k2 sin 8, = - ( dt 1’ dt k’ sin 1) 
= - (sin y)(k2t2/2!), 
8, = - )‘dt 1 dt k’(B, cos 0,)) 
= - / dt 1’ dt k’l-(k2t2/2!) sin y 
= (k4t4/4!) sin y cos y, 
1 cos 
19~ = - 1’ dt 1. dt k2 [ - (19:/2) sin 0, t 19, cos t9,, ] 
. 
= - 1’ dt 1. dt k2 [ - (l/2)( - ( k2t2/2) sin r)? sin ; 
. . 
+ {(k4t4/4!) sin y cos y) cos r] 
= - 1’ dt 1’ dt k2( -(4! sin3 y)/8 + (sin ;’ cos’ y)] . jk’t’/4! 1 
. 
= - )‘dt [dt k’I--3 sin’ y f sin ycos’ y] . Ik4t4/4!1 
. 
= - (k6t6/6!) 1 [sin y cos’ y - 3 sin3 ~1, 
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0,=-L-‘A, 
=- I’dz jdtk2[-(@i/6) cos 8, - 8, 8, sin 0, + Oj cos e,] 
_ i 
= - 1. df 1. dt k2 [ -( l/6){ -(sin ~)(k’t’/2)}~ cos y 
, 
- {-(sin y)(k2t2/2)} . {(k4t4/4!) sin y cos y} sin y 
+ { -(k6t6/6!)(sin y cos2 y - 3 sin3 y)} cos y] 
= (k8t8/8!)(-33 sin3 y cos y + sin y cos3 y), 
Thus, 
e(t) = y - [ (kt)*/2!] sin y + [ (kt)4/4!] sin y cos y 
- [(kt)6/6!][sin y cos’ y - 3 sin3 y] 
+ [ (kt)8/8!] [-33 sin3 y cos y + sin y cos3 y] 
- . . . . (5) 
As a check we can let y be sufficiently small so that small amplitude 
motion is being considered. Then 
e(t) = y[ i - (k9*/2!) + ((kt)4/4!) - . . . 1 
which is, of course, the result for the linear harmonic oscillator with the 
given initial condition. 
Finally, we can take a few terms of the series for O(t) and substitute back 
into original differential equation (1). Let us try two terms of (5) thus, 
e = y - ((kt)2/2!) sin y. 
Using the well-known identity for sine of a sum of two angles, 
sin 8 N sin y cos((k2t2/2) sin y) + cos y sin((k’t*/2) sin y) 
and 
df?/dt = d/dt(y - (k2t2/2) sin y) = -k2 t sin y. 
Consequently, 
d2B/dt2 = - k2 sin y. 
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-k2 sin y + (k*) sin y(cos((k2t2/2) sin y)} 
+ k* cos y{sin((k*t’/2) sin JJ)} z 0. 
For small y we are approaching the harmonic oscillator case, so an identity 
is to be expected. For the anharmonic case, noticing the terms get smaller by 
virtue of the n!, consider small kt. Since the first of the two expressions 
enclosed in the curly brackets is nearly unity and the second is nearly zero, 
we can see even from only a two-term series that our solution will satisfy the 
original equation at least when kt is small. 
HARMONICOSCILLATOR 
Consider the equation d28/dt2 + k20 = 0 and assume Adomian’s decom- 
position e(t) = C,“-. B,(t) with B,, = 8(O) + t&(O), where f?(O) and P(O) are 
the initial conditions. We take L = d2/dt2 and treat the k2 as .R for 
convenience even though it is not random. There is, of course, no L ‘X term 
here since there is no forcing term x(t). 
Case 1. Suppose we choose initial conditions 0(O) = y and e’(0) = 0. 
Then, 8=8(o)-L~‘.~(e,,+e,+...). We get e,=-L?.~e,,= 
- [ dt j dt k*y = - yk2t2/2!, 
yk+/4!, 0, = -L 
/3,=-Lp’.RB,=-!‘dt (‘dtk’[-yk’t’/2!]= 
‘.R8, = - c dt l dt k2[yk4t4/4! 1 = -ykhth/6!, etc., to 
t?,, = (-l)“-’ y(kt)‘“-2/(2n - 2)!. Hence, 
O(t) = y( 1 - ((kt)/2!) + ((kt)‘/4!) - ((kt)‘/6!) + ... \ 
= y 9 (- 1)“. ’ I(kt)2”m 2,‘(2n - 2)! ] 
no I 
or e(t) = y cos kt. 
Case 2. Consider the same problem with e(0) = 0 and e’(0) = w, where 
o is the initial angular velocity. Now we have t9,= t&(O)= w and 
e=e,,-L -~./4’(e,+e,+ . . . 1, w h ere 8, = -L m’.fi+e, = - 1 dt j” dt k2wkt/k 
= -(w/k) k”t’/3!, 8, = -L-‘.P8, = -j dt ,f dt k2(-o/k) k”t’/3! = 
(w/k) k5t”/5!, 8, = -L -‘&I2 = -1 dt j dt k*(w/k) k’t’/5! = -(w/k) k’t’/l!. 
etc., i.e., 0, = (-1)“.-’ (cu/k)(kt)2”-‘/(2n - l)!. Thus f?(t) = (w/k)[(kt) - 
(kt)3/3! + (kt)5/5! - . . . ] = (w/k) C,“= I (-l)“-r(kt)*“- ‘/(2n - l)! or e(r) = 
(w/k) sin kt. 
234 ADOMIAN AND RACH 
Case 3. Finally, let B(0) = y and B’(O) = w. Now 
19, = e(0) + t&(O) = y + (u/k) kt, 
8, = -L ~ ‘98, = -L - ‘.W(y + (o/k) kt) 
=-L-‘.9y-L-‘<S?[(w/k)kt] 
=- 
I I 
dt dt k2y - . dt dt k2(w/k) kt 
I 1 
= -y(k2t2/2!) - (w/k)(k3t3/3!) 
etc. 
Finally, 8, = (-l)“-’ y(kt)2”-2/(2n - 2)! + (w/k)(-l)“-’ (kt)*“-‘/(2n - l)! 
or B(t) = ycos kt + (u/k) sin kt, the general solution of the harmonic 
oscillator which we find quickly and elegantly. 
The extension to forced oscillators, randomly forced oscillators, and 
stochastic oscillating systems with nonlinear effects has been mathematically 
dealt with in general [2] and is now straightforward. Let us consider these 
equations briefly. The Duffing equation for an anharmonic oscillator with 
forcing function and damping term is given by 
j; + aj + py + yy3 = x(t). 
The Van der Pol equation is given by 
Y+tjj(y’- 1)+y=x(t) 
and since we can write (d/dt)(y3/3) = y*j, we can write 
j; + a.$ + j3y + y(d/dt) y3 = x(t), 
where a = -<, p = 1, y = r/3. Hence both equations are written 
Ly + Ny = x(t), 
where L = d*/dt* + ad/dt + ,8 and Ny is a simple polynomial nonlinearity 
yy3 for the Duffing oscillator and a differential nonlinearity y(d/dt) y” for the 
Van der Pol equation. For both, our y, term is 
Yo =r’x + clh(t) + C242W’ 
where the second and third terms are the homogeneous solution. We have for 
both oscillators 
y=y,-L--NY. 
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For tile Duffing equation 
u/ I 
py-L-‘yy3, y y,=yo-L-‘y ,;,,A,f 
n-0 
and for the Van der Pol equation 
, 
c J’,, = J’~ - L ’ y(d/dt) \‘ A,, . 
I, 0 ,I 0 
where the A ,t have previously been computed (2 I. For convenient reference. 
they are 
A,=y:t6~,y,y, + 3yh 
A, = 33’: ~2 + 3~0 Y: + 6~0 ~1 Y, t 3~5 ~‘43 
A, = 3y, y; t 3.1~: y3 t 6y, y2 y, t 6~,, y, J’~ t 3.$ J’<. 
A, =.I’; + 6y, yz y3 t 3.~: y4 t 3y,, J: + 6y,, .I’> .1’, 
+ ~Y,Y, 4’5 + kb,, 
We can, as previously suggested, get a simpler Green’s function by using 
L = d2/dt2 and writing the rest of the linear operator as .R and taking it to 
the right. This makes y,, and the computations simpler but convergence less 
rapid. Much work can be done here in evaluating optimum procedures. For 
example, we can use the simpler Green’s function and corrections as 
suggested by Adomian and Malakian, or proceed as we have here. ’ We 
remark also that we have treated these two examples as deterministic, but 
clearly the Adomian procedures allow stochastic process coefficients a(t, CO), 
/?(t, o), y(t, w), a stochastic input process x(t, w), and random initial 
conditions c,(o), ~~(0). A general treatment by the authors of nonlinear 
stochastic driven oscillators which allow damping, delays, etc., will appear 
later.’ 
’ A forthcoming paper will pursue these questions and provide complete solution of the 
Duflkg oscillator as an example. Here, we have demonstrated that the solution can be made. 
’ “Nonlinear Stochastic Oscillator Systems.” 
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